We study quasi-periodic nonconservative perturbations of two-dimensional Hamiltonian systems. We suppose that there exists a region D filled with closed phase curves of the unperturbed system and consider the problem of global dynamics in D. The investigation includes examining the behavior of solutions both in D (the existence of invariant tori, the finiteness of the set of splittable energy levels) and in a neighborhood of the unperturbed separatrix (splitting of the separatrix manifolds). The conditions for the existence of homoclinic solutions are stated. We illustrate the research with the Duffing -Van der Pole equation as an example.
Introduction
where ε is a small parameter, the Hamiltonian H and the functions g, f are sufficiently differentiable and uniformly bounded along with partial derivatives of order 2 in a domain G ⊂ R or G ⊂ R 1 × S 1 . Moreover, g, f are assumed to be sufficiently smooth and quasi-periodic in t uniformly with respect to (x, y) ∈ G with incommensurable frequencies ω 1 , ω 2 , . . . , ω m . There are many works related to the topic. For instance, some specific examples of systems of form (1.1) were disscused in terms of complex dynamics in [1] [2] [3] . The Melnikov method is widely used in the literature as a criterion of chaos (for the Melnikov formula, see, e.g., [4] [5] [6] ). A great number of papers refer to the existence of invariant tori in a weakly nonlinear case (see, e.g., [7] [8] [9] [10] ). There are also monographs concerning the averaging method (see [11] [12] [13] ). In the present paper, we do not assume that (1.1) is quasi-linear and consider issues related to global dynamics along with local examination.
Suppose that the unperturbed system is nonlinear and has a region D ⊂ G filled with closed phase curves H(x, y) = h, h ∈ [h − , h + ]. The following condition is assumed to hold: ∂g/∂x + ∂f /∂y ≡ 0, (1.2) which implies that the system (1.1) is nonconservative. We also suppose that the system (1.1) with ε = 0 has a separatrix loop of a saddle (x s , y s ). Note that D contains neither a separatrix nor equilibria, nor their neighborhoods. The global study of the system (1.1) involves examining the behavior of solutions both in D and in a neighborhood of the unperturbed separatrix. In turn, there appear resonance energy levels in D. A closed phase curve H(x, y) = h res with the frequency ω(h res ) is called a resonance one if the frequencies ω(h res ), ω 1 , . . . , ω m are commensurable.
Resonance levels are divided into passable, partly passable and impassable ones. If all the levels H(x, y) = h res are passable, then the qualitative behavior of (1.1) in D is determined by the autonomous systemẋ = ∂H(x, y) ∂y
where
It is assumed that the system (1.3) has only a finite number of limit cycles. The paper [14] has outlined approaches to solving the problem of the global solutions behavior. Here we implement these approaches and illustrate them using the following equation as an example:ẍ + αx + x 3 = εf (x, y, t), (1.4) where α = ±1, f = (p 1 − x 2 )ẋ + p 2 sin t sin νt, p 1 , p 2 , ν are parameters and ν is irrational. In the case of periodic perturbations, the problem of the global solutions behavior for systems of type (1.1) was considered in [11] (see also [15] ). The periodic analogue of (1.4) is studied in [16, 17] .
Global Dynamics of Systems Close to Hamiltonian Ones
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Behavior of solutions in D
In the action I -angle θ variables the system (1.1) takes the forṁ
where 
Neighborhood of a resonance level
According to [14] , the averaged system that describes the behavior of solutions in the neighborhood U μ = {(I, θ) : 4) where the prime denotes the derivative with respect to the slow time τ = μt,
The functions A(v, I nk ) and σ(v, I nk ) are sufficiently smooth and periodic with the least period equal to 2π/n. The phase space of (2.4) is a cylinder (u, v mod 2π/n). Simple equilibria of (2.4) correspond to quasiperiodic solutions with m frequencies in the initial system (i.e., m-dimensional invariant tori in the system (2.1)). The following theorem holds [14] . (2.4) in the neighborhoods of levels of each type was established in [11] . If σ is sign-preserving, then there exists ε nk > 0 such that a first (second, third) type level determined by I = I nk is passable (partly passable, impassable) if only 0 < ε < ε nk .
If the perturbed autonomous system (1.3) has a limit cycle in the neighborhood of the level H(x, y) = h nk , then this level is of the third type (i.e., impassable). Indeed, B 0 (I) is the Poincaré -Pontryagin generating function for the system (1.3), therefore, B 0 (I nk ) = 0. The passage of the limit cycle through the resonance zone was described in [18] . If the condition
nk )| holds, the averaged system (2.4) does not have equilibria and the resonance level I = I nk is passable for ε small enough.
Neighborhood of a nonresonance level
Let us now consider a nonresonance energy level I = I * and make the change of variable I = I * + μW in (2.1). As a result, we obtaiṅ
Then we make the following change of variable: 8) where F 1k are the Fourier expansion coefficients for the function
The system takes the forṁ
Neglecting terms of order O(μ 3 ), we obtain the equatioṅ
which coincides with the averaged one. Small denominators (k,ω) may appear in (2.8) . This requires an estimate of the frequencies which would provide the series convergence. For example, it will be sufficient if the frequencies satisfy the following condition: 
Global behavior of solutions in D
The averaged system (2.4) is similar to the one obtained in the case of periodic perturbations. It was stated that there is only a finite number of splittable resonances for small ε [11] (see also [15] ). The statement is naturally transferred to the quasi-periodic case. Indeed, replacing scalars by vectors in the appropriate formulas in [11, pp. 188-191] , we obtain the following theorem. Since the system (1.3) has only a finite number of limit cycles by the assumption, there is only a finite number impassable nonresonance levels. This fact and Theorems 1-3 let us establish the global behavior of solutions in D. Indeed, the number of the neighborhoods of splittable resonance levels is finite and we can make their √ ε-neighborhoods not intersect. Outside these neighborhoods, all the levels H(x, y) = const are passable for ε small enough. Note that attraction basins of invariant tori can have complex structure due to heteroclinic orbits [11] . If all the levels H(x, y) = const in D are passable, then the qualitative behavior of solutions to (1.1) in D is determined by the autonomous system (1.3).
Splitting of separatrix manifolds
Without loss of generality, we suppose that the saddle (x s , y s ) of the system (1.1) at ε = 0 lies at the origin. (x s , y s ) corresponds to the saddle quasi-periodic solution in the extended phase space. Let us denote the coinciding stable and unstable integral manifolds of the unperturbed saddle quasi-periodic solution by W s 0 , W u 0 . The solution persists under the perturbation when ε > 0 small enough and has invariant manifolds W u ε , W s ε close to the unperturbed ones [5] . The problem is to analyze the distance between separatrix manifolds W s ε and W u ε , which coincide in the unperturbed system. For periodic perturbations, one can use the Melnikov formula to determine the distance [4] . In [5] , the applicability of the Melnikov formula was extended to sufficiently smooth systems. In [6] the quasi-periodic Melnikov function was derived and a general discussion of the discrete maps construction from the trajectories of time-dependent vector fields was presented. Following [5] , we briefly describe the derivation of the Melnikov function in our case.
Let us find the distance Δ between the manifolds W s ε and W u ε of the system (1.1). We assume
for all t. It stands for the manifolds W s,u ε (t) adjacent to the t-axis in the (x, y, t)-space. According to [5] , for sufficiently small ε we have According to [5] 
for certain C 1 > 0 (C 1 depends only on the unperturbed system) and for all t ∈ R. Then we
where t 0 determines the plane (x, y, t 0 ) on which we measure the distance. Then the value that determines the distance between the manifolds W s ε (t) and W u ε (t) takes the form
Consider the Taylor series at ε = 0:
Following [5] , we find
. . , θ m0 are constants. Since the functions f, g are quasi-periodic in t, it follows that Δ 1 (t 0 ) is quasi-periodic as well. Note that Δ 1 depends on θ 10 , . . . , θ m0 . This leads to a variety of geometrical interpretations of the stable and unstable manifolds intersections [6] . The fact that Δ 1 (t 0 ) is not sign-preserving implies that W s (t 0 ) and W u (t 0 ) intersect transversally and there exist doubly-asymptotic (homoclinic) solutions, i.e, solutions satisfying the condition lim t→±∞ x ε (t) = lim t→±∞ y ε (t) = 0. The behavior of solutions in the extended neighborhood of a doubly asymptotic solution was studied in [21] and it relates to the existence of a nontrivial hyperbolic set ("irregular" dynamics). In some cases, a stable irregular invariant set of the so-called "quasi-attractor" may appear.
Let us now consider Example (1.4).
Example
Consider Eq. (1.4)ẍ
there are three regions in the phase space of the unperturbed equation filled with closed phase curves. If α = 1, there exists a unique such region. For simplicity, when we study the global behavior of the solutions to (4.1) in D, we take α = 1 (the behavior in three regions for α = −1 can be studied in the same way, e. g., the dissipative case was considered in [14] ). For α = −1, we will investigate only the neighborhood of the unperturbed separatrix. Note that the equation of type (4.1) for α = 1 was considered in [18] . However, in [18] only the neighborhoods of resonance levels were studied.
Autonomous equation
The unperturbed equation (ε = 0) admits the following energy integral:
and it has the solution
where ω = π(1 + 4h) 1/4 /(2K) is a natural frequency, x 1 is the positive solution of x 2 /2 + x 4 /4 = = h, cn(u) is the Jacobi elliptic function, K is the complete elliptic integral of the first kind, and k = k(h) is its modulus. Denote the annular region of the phase plane {(x, y) :
The perturbed autonomous system (p 2 = 0)
has a unique limit cycle if p 1 > 0. It follows from the analysis of the Poincaré -Pontryagin generating function, which has the following form (up to the factor 4/(3π(1 − 2ρ) 5/2 )): 5) where E is the complete elliptic integral of the second kind,
. Fig. 1 . B 0 (ρ; p 13 ) and B 0 (ρ; p 11 ).
Let ρ * ∈ (0, 1/2) be a simple zero of B 0 (ρ). One can see that p 1 → ∞ as ρ * → 0 and p 1 → +0 as ρ * → 1/2. It is well known that ρ * determines the level of the unperturbed system which generates a rough limit cycle in (4.4). If B (ρ * ) < 0 and ε > 0, the cycle is stable. The sign of B (ρ * ) coincides with the sign of σ(ρ * ), where 
Nonautonomous equation
The behavior of solutions in the neighborhoods of individual resonance levels is described by the averaged system (2.4), where
σ(I nk ) is determined by formula (4.6). Thus, we have u = B 0 (I nk ) + μσu for almost all resonance levels. If B 0 = 0, then the level I = I nk is passable. If B 0 = 0 and σ < 0 (the autonomous system (1.3) has a stable limit cycle in the neighborhood of I = I nk ), then u = 0 is a stable equilibrium. This implies that there exists a stable invariant curve embracing the phase cylinder of the averaged system (2.4) and a 3-dimensional stable torus in the system (2.1) (see Theorem 2) . By varying p 1 , one can see the passage of this torus through resonance. Figure 2 shows phase portraits of the averaged system for resonances with n = 3 and n = 1. There is a stable limit cycle of the averaged system for ε = 0.1, p 1 = 0.005, n = 3 (Fig. 2a) . The cycle corresponds to a 3-dimensional torus in the initial system (2.1). As p 1 increases, the cycle comes into the neighborhood of the resonance level I = I 311 (H(x, y) = h 311 ). The passage through a resonance zone is described in [18] . In Fig. 2b , there are no cycles and the oscillations are synchronized at the frequencies ω 1 /3, ω 2 /3. Then, as p 1 increases further, a cycle outside the resonance occurs (Fig. 2c, where p 1 = 0.06) . The cycle is growing along with p 1 and is getting closer to the resonance level H(x, y) = h 1,−1,1 . Further, the cycle passes through this zone and, finally, the resonance zone with H(x, y) = h 111 (see Figs. 2d-2f) . The dynamics of the averaged system in the neighborhood of H(x, y) = h 1,−1,1 is similar to the one in the neighborhood of H(x, y) = h 111 .
to the saddle solution. They correspond to the homoclinic orbits of the Poincaré map. The structure of the neighborhood of these orbits was studied in [21] .
Note that the unstable limit cycle of the autonomous perturbed system (p 2 = 0) merges with the separatrix and forms an unstable separatrix loop if p 1 = 4/5. In this case, the free term of Δ 0 is neglected and a irregular repelling set 2 can appear. Such a set is shown in Fig. 3a for ε = 0.1, p 1 = 0.8, p 2 = 0.8 (the fractional part of the Lyapunov dimension equals ≈ 0.826). Figure 3b shows a chart of the largest Lyapunov exponent λ 1 in the (ε, p 2 )-plane for p 1 = 0.8. There are regions with λ 1 < 0 that correspond to regular asymptotic behavior (t → −∞) in the neighborhood of the unperturbed separatrix (unstable quasi-periodic solutions).
